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Faraday rotation is one way to realize quantum non-demolition measurement of electron spin
in quantum dots. To describe Faraday rotation, semiclassical models are typically used, based on
quantized electron spin states and classical electromagnetic fields. Such treatments neglect the
entanglement between electronic and photonic degrees of freedom that produce intrinsic quantum
noise, limiting the ultimate sensitivity of this technique. We present a fully quantum-mechanical
description of Faraday rotation, and quantify this intrinsic noise. A method for measuring the purity
of a given spin state is suggested based on this analysis.
INTRODUCTION
Because of the discovery of long-lived spin coherence
in semiconductors such as GaAs[1], the essential require-
ment of manipulating spins for spintronics and quantum
information is now possible. The first quantum comput-
ing proposal of Loss and DiVincenzo used electron spin
qubits in semiconductor quantum dots (QD)[2] and fore-
cast the importance of measuring single electrons and
their spins.
The first step to realizing coherent manipulation of a
single electron spin is to orient the spin. Such orienta-
tion can be achieved optically (by exciting with circularly
polarized light)[3], electrically (by driving the electrons
toward a ferromagnetic surface)[4] or thermodynamically
(by application of a uniform magnetic field at low tem-
peratures). Photoluminescence (PL) allows for measure-
ment of electron spin polarization through the relation
between the circular polarization of light and electron
spin orientation. However, PL is destructive in that it
involves recombination of the electron with a hole. PL
measurements are intrinsically limited by the lifetime of
the state, and it is not possible to monitor electron spin
continuously. Furthermore, unless one uses a technique
such as time-resolved upconversion[5, 6, 7] or streak cam-
era measurements, dynamical information is lost.
Time-resolved Faraday and Kerr rotation methods
(hereafter referred to as Faraday rotation) have been
extensively developed[8, 9, 10], and allow one to probe
the spin dynamics of a single electron in a quantum
dot. Faraday rotation results from a fundamental inter-
action between electronic and photonic degrees of free-
dom. Seigneur et al.[11]have proposed a scheme to im-
plement quantum computation by using the single pho-
ton Faraday effect. However, in most semiconductors the
Faraday effect is usually quite weak, corresponding to ro-
tation angles θF ∼ 10−5rad for single electrons. Dynamic
information is usually obtained using pump-probe optical
techniques: a circularly polarized pump beam creates an
initially spin-polarized electron population, and a probe
beam subsequently interrogates the spin state at a later
time. The experiment is performed repeatedly as a func-
tion of the delay to obtain a time-resolved signal with
FIG. 1: light induced interband transition
an acceptably high signal-to-noise ratio. In the case of
a single electron in a quantum dot, spin coherence can
be achieved in the following manner: the quantum dot is
configured (either through biasing or doping ) to begin in
a state that contains a single electron in the conduction
band and no holes in the valence band. The quantum
dot is excited, promoting a second electron into the con-
duction band and leaving behind a hole in the valence
band. This state is often referred to as a trion. Af-
ter one of the electrons recombines with the hole, the
remaining electron spin is partially polarized. A linearly
polarized probe pulse measures the spin of this electron
via the Faraday effect. In most cases, the electron nei-
ther begins in a pure state nor remains in one. Hyperfine
interactions with nuclear spins quickly produce a mixed
state on time scales ~1-10 ns[12, 13, 14, 15, 16, 17, 18]. In
this paper, we study the noise introduced by the mixed
quantum state of the electron spin analytically and nu-
merically. In this paper, our previous analysis[19] about
the noise is extended to a more formal quantum mechan-
ical frame. Since it's from the spin state itself, we call it
intrinsic noise.
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2THEORETICAL MODEL
Here we discuss in detail the quantum-mechanical
source of this noise using a theoretical model that treats
both the electron and light field quantum mechanically.
We model the interaction between a single electron in a
QD and a linearly polarized monochromatic probe laser
field. The Hamiltonian for the photon field can be writ-
ten as
HP = ~ωP (a†LaL + a
†
RaR), (1)
where ωP is the optical frequency of the probe laser, a
†
L
and aL are creation and annihilation operators for left cir-
cularly polarized (LCP) photons; a†R and aR are creation
and annihilation operators for right circularly polarized
(RCP) photons. Due to optical selection rules[3] spin-
up (spin-down) electrons interact only with LCP (RCP)
photons(See FIG. 1). The raising and lowering operators
satisfy boson commutation relations
[am, a†n] = δmn, (m,n = L,R);
[am, an] = 0, [a†m, a
†
n] = 0.
The electron state is quantized as well. We assume that
the electron resides in the conduction band quantum-
confined ground state in an s orbital, which means it has
total angular momentum J = 12 . In the valence band, the
electronic ground states are constructed from p-orbitals,
and hence the total angular momentum is J = 32 . The
Hamiltonian for the electron is given by [20]
He = ~ωe(σuz + σdz), (2)
where
σuz = b†cubcu − b†vubvu,
σdz = b
†
cdbcd − b†vdbvd;
subscript "c" and "v" indicate conduction band and va-
lence band respectively; subscripts "u" and "d" refer to
spin-up or spin-down states of the electron. The fermion
operators satisfy anticommutation relations:
{biµ, b†jν} = δijδµν ,
{biµ, bjν} = 0, {b†iµ, b†jν} = 0,
where i and j indicate conduction band or valence band,
and µ and ν indicate spin-up or spin-down. Heavy-hole
and light-hole intermixing is neglected for simplicity and
because it is not expected to affect qualitatively our re-
sults. Only the heavy-hole subband is accounted for in
our calculation. A LCP photon couples to a transition
between |+ 12 > and |+ 32 >, while a RCP photons cou-
ples to a transition between | − 12 > and | − 32 >. The
interaction Hamiltonian is given by
HI = λLu(aLσu+ +a
†
Lσu−)+λRd(aRσd+ +a
†
Rσd−), (3)
where
λLu ∝< +12 |x+ iy|+
3
2
>,
λRd ∝< −12 |x− iy| −
3
2
>,
σu+ = b†cubvu, σu− = σ
†
u+,
σd+ = b
†
cdbvd, σd− = σ
†
d+.
The full Hamiltonian of the entire system is given by
H = HP +He +HI
By applying the Wigner-Eckart theorem, it can be shown
that the two coupling strengths λLu and λRd must be
equal (λLu=λRd≡λ). Based on the defining anticommu-
tation relations, it can be explicitly shown that σµz,σµ+
and σµ− have the following commutation relations
[σµ+, σν−] = δµνσµz,
[σµz, σν+] = 2δµνσµ+,
[σµz, σν−] = 2δµνσµ−.
These commutation relations for σµz,σµ+ and σµ− are
formally identical to those for the Pauli operators, even
though they are actually products of fermionic creation
and annihilation operators. This feature makes it pos-
sible to find an analytic solution within the Heisenberg
picture[21]. In the limit where the coupling strength is
much smaller than the incident photon frequency or the
characteristic frequency of the electron, the approximate
solution for photon operators is as follows:
a†L(t) = e
−itΩσuza†L + g(t)(σu+ + ασuza
†
L), (4)
a†R(t) = e
−itΩσdza†R + g(t)(σd+ + ασdza
†
R), (5)
where
α =
λ
ωP − ωe ,
3FIG. 2: The left figure shows the polarization ellipse in real
space. The right figure is the Stokes representation of the
same polarization.
Ω = λα,
g(t) = α(1− e−i(ωP−ωe)t).
This approximate solution is correct only when the cou-
pling strength λ is much smaller than ωe and ωP . In the
section of RESULTS, one can see this criteria is satis-
fied in the sense that the coupling strength of our sam-
ple is in the order of ~109Hz, but the frequency of laser
and characteristic frequency of electron is in the order
of ~1015Hz. This solution, therefore, is a very good ap-
proximation and based on this, one can derive Faraday
rotation angle.
Faraday rotation operator
Quantum Stokes operators can be used to describe
Faraday rotation. They are the quantum-mechanical
analogue of classical Stokes parameters. Classical Stokes
parameters are defined as the following[22]
S0 = E∗xEx + E
∗
yEy
S1 = E∗xEx − E∗yEy
S2 = E∗xEy + E
∗
yEx
S3 = E∗xEy − E∗yEx
In electrodynamics, the polarization of light can be pa-
rameterized by two angles ϕ and χ in the polarization el-
lipse. There is a one-to-one correspondence between the
polarization-ellipse representation and the Stokes repre-
sentation (See FIG. 2).
Once the light field is known, the Stokes parameters
can be computed. The physical interpretation of S0 is the
light intensity; hence, all parameters can be normalized
to S0 (See FIG. 3).
FIG. 3: (a)-(f)Different polarization defined in terms of Stokes
parameters. S1, S2 and S3 have all been normalized to S0.
Quantum Stokes operators are defined in the following
way[23, 24]

S0 = a
†
LaL + a
†
RaR
S1 = a
†
LaR + a
†
RaL
S2 = i(a
†
LaR − a†RaL)
S3 = a
†
RaR − a†LaL
Information about polarization is obtained by calculat-
ing the expectation values of these operators. In a typical
Faraday experiment, the probe light is linearly polarized
at a 45◦ angle with respect to a final polarizing beamsplit-
ter. After the interaction between the probe light and the
electron, the polarization of the transmitted light will be
rotated from its initial position by an angle θF , known
as the Faraday rotation angle. In the Stokes representa-
tion, the initial polarization vector lies along the positive
S2 axis. Faraday rotation will result in a rotation of the
vector within the S1−S2 plane (See FIG. 4). This vector
P is confined to the plane as long as there is no circular
dichroism that can lead to a non-zero expectation value
for S3.
In our calculations, we aim to reproduce the overall
magnitude of the rotation angle that has been reported
in experimental work[8, 9, 10]. The experimentally ob-
served rotation angle is small: θF ∼ 10−5rad. Hence, it
can be expressed as
θF =
1
2
tan−1(
< S1 >
< S2 >
) ≈ < S1 >
2 < S2 >
. (6)
4FIG. 4: Definition of Faraday rotation angle. P indicates the
polarization vector of light field.
RESULTS
In our calculation, a coherent state |νL, νR >is used for
the light field, where |ν2L| and |ν2R| are the average num-
ber of left and right circularly polarized photons. These
states satisfy the canonical eigenvalue equations for the
(non-Hermitian) photon annihilation operators:
aL|νL, νR >= νL|νL, νR >,
aR|νL, νR >= νR|νL, νR >,
Using the form νL = NLeiθL and νR = NReiθR , the
expectation value of Stokes operators in this coherent
state can be found
< S0 >
< S1 >
< S2 >
< S3 >
 =

N2L +N
2
R
2NLNRcos(θL − θR)
2NLNRsin(θL − θR)
N2R −N2L
 . (7)
In order to start with +45◦ linearly polarized light, the
following condition must be satisfied{
N2L = N
2
R
θL − θR = pi2
To describe the mixed state of electron, a density ma-
trix formula is employed.
ρe = τ |+ 12 >< +
1
2
|+ (1− τ)| − 1
2
>< −1
2
| (8)
Here, τ is a parameter that varies between 0 and 1. For
τ = 0 and τ = 1, one has a pure state, while τ = 1/2 cor-
responds to a fully mixed (unpolarized) state. Because
the electron Hamiltonian is expressed in terms of creation
and annihilation operators, caution must be taken when
applying those operators onto electron state. When op-
erators for spin-up electron are applied to the spin-up
state, one obtains
σuz|+ 12 >= |+
1
2
>,
σuz|+ 32 >= −|+
3
2
>,
and
σu+|+ 12 >= 0,
σu+|+ 32 >= |+
1
2
>,
and
σu−|+ 12 >= |+
3
2
>,
σu−|+ 32 >= 0.
Spin-down operators have the same rules when applied
to the spin-down state. If a spin-up operator operates on
a spin-down state, however, one gets zero. For example,
σuz| − 12 >= (b
†
cubcu − b†vubvu)| −
1
2
>= 0.
The initial state of the whole system is then
ρ0(τ) = |νL, νR >< νL, νR| ⊗ (τ | ↑−> +(1− τ)| ↓−>)
(9)
According to the solution (4) and (5), the analytical
expression for S1 and S2 can be obtained and the expec-
tation values calculated
< S1 >= Tr(S1(t)ρ0(τ)),
< S2 >= Tr(S1(t)ρ0(τ)).
The rotation angle is given by
θF (t, τ) =
Tr(S1(t)ρ0(τ))
2Tr(S2(t)ρ0(τ))
, (10)
After some algebra, one finds the following expression for
the Faraday rotation:
θF (t, τ) = (2τ − 1)(λ
2
δ2
sin(δt)− sin(λ
2
δ
t)), (11)
where δ ≡ ωP − ωe. For initial pure spin-up state τ = 1,
the rotation angle is
θ+ ≡ θF (t, 1) = (λ
2
δ2
sin(δt)− sin(λ
2
δ
t)). (12)
5FIG. 5: (a)Faraday rotation as a function of time and param-
eter τ . (b)Faraday rotation angle for two pure states. τ = 1
corresponds to a spin-up state, while τ = 0 corresponds to a
spin-down state.
For initial pure spin-down state τ = 0, the rotation angle
is
θ− ≡ θF (t, 0) = −(λ
2
δ2
sin(δt)− sin(λ
2
δ
t)). (13)
The fluctuation is given by
∆θF (t, τ) =
√
Tr(S21(t)ρ0(τ))− Tr(S1(t)ρ0(τ))2
2Tr(S2(t)ρ0(τ))
. (14)
From (11), (12) and (13), the following intuitive result
can be proven very easily:
θF (t, τ) = τθ+ + (1− τ)θ−, (15)
where θ+ (θ−) is the Faraday rotation angle for an
initial state which is a pure spin-up (spin-down) state.
An analytical derivation shows that the fluctuation is
a function of both photon number and the initial electron
state.
∆θF (t, τ) =
√
1
4N
+ τ(1− τ)(θ+ − θ−)2, (16)
The second term under the square root is the so-called
intrinsic noise term.
Numerical simulation is done so that we compare our
analytical calculation to recent Kerr rotation experimen-
tal results on single electrons. From Berezosky et al.[8],
one finds from a PL plot that the energy for a neutral ex-
citon is about 1.633meV. That corresponds to the band
gap between the top of the valence band and the bot-
tom of the conduction band. From this number, the
frequency ωe = E~ = 2.48 × 1015Hz. Choosing probe
light of wavelength 760nm, which means the frequency is
ωP = 2.47 × 1015Hz. From the paper[30], one can take
the value of the coupling strength to be λ = 98GHz. In
our experiment, the probe power is about 1.57µW, the
corresponding photon number is about 5 × 105. In the
simulation, the interaction time between the spin and the
photon is set to be 20ps. Notice that as expected, if the
initial electron state is a pure state, the rotation angle has
opposite values for the spin-up state and spin-down state,
respectively (See FIG. 5). For pure spin-up states or spin-
down states, the fluctuation (quantum noise) scales with
photon number N as N−1/2, as expected for shot noise.
For mixed states or superposition states, the fluctuation
saturates even when the photon number approaches in-
finity (See FIG. 6).
One scheme to measure τ is proposed here. Suppose
the photon number is so large that the shot noise term in
Equation (16) could be neglected. Notice that θ+ = θ−
and when the rotation angle is zero, according to Equa-
tion (11) it means τ is 12 . If the value τ =
1
2 is used
in Equation (16), one obtains ∆θF0 = θ+. This result
implies that one can use the measured values of Faraday
angle fluctuation at an extreme value (∆θF ) and at a
zero crossing (∆θF0) to measure the purity of the spin
state as quantified by τ :
τ =
1
2
(1±
√
∆θ2F0 −∆θ2F
∆θ2F0 − 14N
). (17)
In the limit of a large number of photons (i.e., where
shot noise can be neglected), the above expression sim-
plifies further
τ =
1
2
(1±
√
1− ∆θ
2
F
∆θ2F0
). (18)
The above analysis is based on the assumption that
every device in the experiment is perfect, and the noise
is only introduced by quantum state of the electron spin
6FIG. 6: (a)Fluctuation of Faraday rotation angle as a function
of time and parameter τ . (b)Shot noise and intrinsic noise as a
function of photon number N.Shot noise (black) is from a pure
spin-up(spin-down) state, while intrinsic noise (green) is from
a maximally mixed state. In the simulation, the interaction
time is chosen to be 20ps in order to make the splitting more
obvious, in which case the intrinsic noise saturates at about
∆θF0 = 20mrad.
itself. This is, however, not the case in the real experi-
ment. Suppose the overall noise ∆θB is white noise for
the bandwidth in which the experiment is done. It serves
as background noise and can be measured by detuning
the probe laser, for example. This background contri-
bution can be subtracted from the measured noise ∆θM
and ∆θM0, where ∆θM indicates the measured noise level
at extreme points while ∆θM0 represents the measured
noise at the zero-crossing point. It makes sense to assume
the fluctuation due to quantum states is not correlated
with the white noise in the device, therefore subtracting
the background noise from the measured noise gives the
fluctuation due to quantum states
∆θ2F = ∆θ
2
M −∆θ2B ,
and
∆θ2F0 = ∆θ
2
M0 −∆θ2B .
The above equation therefore becomes
τ =
1
2
(1±
√
1− ∆θ
2
M −∆θ2B
∆θ2M0 −∆θ2B
). (19)
Notice that in the above equation, ∆θM is the "real"
noise we see at the extreme points of the rotation angle
in the actual experiment. This noise has two sources:
external noise, which is ∆θB and intrinsic noise, which
is ∆θF . In the actual experiment, ∆θM should be larger
than ∆θB due to the fact that the pump for the electron
spin is not perfect, therefore the spin that interacts with
photon is in a mixed state. However, if ∆θM = ∆θB ,
that means the intrinsic noise contribution is zero. From
Eq. (16), one can see in the limit of large photon num-
ber, ∆θF = 0 indicates that τ is either 0 or 1, which
is consistent with the result if one plugs ∆θM = ∆θB
into Eq. (19). In other words, if in the real experiment,
one observes ∆θM = ∆θB , then the pumped spin is in
either pure spin-up or spin-down state and one can also
pin down the orientation of spin by looking at the sign
of measured rotation angle.
CONCLUSION
Using a quantum-mechanical model of Faraday rota-
tion, we find that both the Faraday rotation angle and
the fluctuation are functions of the initial electron spin
state. If the electron spin is initially in a mixed state, in-
trinsic noise fluctuations will contain not only shot noise
but also intrinsic noise due to weak measurement of the
electron's spin state. The reason that this intrinsic noise
appears in this scheme is that the measurement done here
is non-destructive, and differs from a projective measure-
ment, which causes the collapse of the electron spin wave
function to a certain spin direction. Analysis of the noise
spectrum should enable quantification of the purity of a
given spin state.
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